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Abstrat
Generalizing the graded ommutator in superalgebras, we propose a new
braket operation on the spae of graded operators with an involution. We
study properties of this operation and show that the Lax representation
of the two-dimensional N=(1|1) supersymmetri Toda lattie hierarhy
an be realized via the generalized braket operation; this is important
in onstruting the semilassial (ontinuum) limit of this hierarhy. We
onstrut the ontinuum limit of the N=(1|1) Toda lattie hierarhy, the
dispersionless N=(1|1) Toda hierarhy. In this limit, we obtain the Lax
representation, with the generalized graded braket beoming the orre-
sponding Poisson braket on the graded phase superspae. We find bosoni
symmetries of the dispersionless N=(1|1) supersymmetri Toda equation.
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1 Introdution
In several reent deades, quantum field theory, having inorporated ef-
fiient mathematial methods, has beome a theory satisfying the most
rigorous mathematial requirements [1℄. After the formulation of super-
symmetri quantum field theories, the main attention of investigators was
attrated to numerous problems whose solution is interesting in both math-
ematial physis and important physial appliations.
In this paper, we onsider an integrable N=(1|1) supersymmetri gen-
eralization of the two-dimensional bosoni Toda lattie hierarhy (2DTL
hierarhy) [2℄ proposed in [3℄, [4℄. It is given by an infinite system of evo-
lution equations (flows) for an infinite set of bosoni and fermioni lattie
fields evolving in two bosoni and two fermioni infinite towers" of times;
as a subsystem, it involves an N=(1|1) supersymmetri integrable general-
ization of the 2DTL equation, whih is alled the N=(1|1) 2DTL in what
follows.
Two new infinite series of fermioni flows of the N=(1|1) 2DTL hier-
arhy were onstruted in [5℄[7℄. This hierarhy was shown to atually
have a higher symmetry, namely, the N = (2|2) supersymmetry. Together
with the previously known bosoni flows of the N=(1|1) 2DTL hierarhy,
these flows are symmetries of the N=(1|1) 2DTL equation. The ontin-
uum limit of that equation with respet to the lattie onstant [8℄ is a
three-dimensional nonlinear equation, alled the ontinuum or dispersion-
less N=(1|1) 2DTL equation. The solution of the orresponding Cauhy
problem was also onsidered in [8℄.
Although the N=(1|1) 2DTL hierarhy and the dispersionless N=(1|1)
2DTL equation have been known for a relatively long time, the problem
of onstruting the ontinuum (semilassial) limit with respet to the lat-
tie onstant (whih plays the role of the Plank onstant here) for all the
N=(1|1) 2DTL hierarhy flows is still to be solved and is quite ompli-
ated.
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Apart from the purely aademi signifiane of this problem, its
solution is also interesting in relation to a number of important physial
and mathematial appliations. In partiular, these inlude the semilas-
sial limit of the bosoni preimage of the N=(1|1) 2DTL hierarhy, the
1
We note that similar problems for differentialdifferene equations were onsidered
in [9℄[16℄.
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dispersionless 2DTL hierarhy [17℄, whih unifies the 2DTL hierarhy flows
arising in the leading semilassial approximation onstruted in [18℄ (see
also [19℄). Possible appliations of the dispersionless 2DTL hierarhy are
1. onstrution of a number of self-dual vauum metris and Einstein
Weyl metris,
2. twistor theory,
3. two-dimensional onformal and topologial field theory, and
4. two-dimensional string theory
(also see [20℄[31℄ and the referenes therein).
In view of a deep relation between the 2DTL and N=(1|1) 2DTL hi-
erarhies, it is natural to hypothesize that the dispersionless N=(1|1) su-
persymmetri 2DTL hierarhy must also admit similar appliations in su-
persymmetri generalizations of the theories listed above. This motivates
our onstrution of the dispersionless N=(1|1) 2DTL hierarhy here.
We emphasize that the existing general algorithm for onstruting
semilassial asymptoti expansions, whih was applied to the 2DTL hier-
arhy in [18℄, enounters a number of diffiulties, both formal and informal,
in its diret extension to the N=(1|1) 2DTL hierarhy. It is well-known
that in the semilassial limit, all the operators are mapped into their sym-
bols defined on the orresponding phase spae and the (anti)ommutators
involved in the standard Lax representations are replaed with the or-
responding Poisson brakets. But the Lax representation of the N=(1|1)
2DTL hierarhy proposed in [3℄ is not of the (anti)ommutator form, and
it is therefore unlear how the above qualitative reipe for the transition
to the semilassial regime an be applied literally.
The analysis is also ompliated by another prinipally important, qual-
itatively new feature of the N=(1|1) 2DTL hierarhy ompared with its
bosoni preimage, namely, the operators entering the Lax representation
are defined on a spae with two Z2-gradings but have only one diagonal
Z2-grading. This is why the symbols of these operators in the general ase
annot be expeted to ommute, even in the semilassial limit.
We also mention possible ompliations related to the fat that the
fermioni and bosoni fields of the N=(1|1) 2DTL hierarhy an have non-
oinident semilassial asymptoti behaviors, whih must then be spe-
ified self-onsistently. A similar situation ours for the fermioni and
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bosoni times of this hierarhy, but these an be easily made onsistent
using additional dimension arguments.
Very reently, a ertain progress has been observed toward onstruting
the semilassial limit of the N=(1|1) 2DTL hierarhy. In [7℄, it was
found that the Lax representation for this hierarhy an be brought to
the ommutator form (Eq. (39) in [7℄) by introduing a number of new
auxiliary fermioni onstants. Although the ommutator representation
thus obtained seems artifiial at first glane, it atually involves a new
important generalized graded braket operation, whih an be defined in
suffiiently general terms to allow a broad spetrum of appliations. We
introdue and use it in solving the problem addressed here.
It turns out that all the basi relations defining the N=(1|1) 2DTL hi-
erarhy an be expressed in terms of preisely this braket operation; this
does not require introduing any auxiliary objets like the fermioni on-
stants mentioned above. In the semilassial limit, moreover, preisely this
braket operation is replaed with the orresponding Poisson superbraket
on the phase superspae. This therefore produes the Lax representation
of the dispersionless N=(1|1) 2DTL hierarhy.
The struture of this paper is as follows. In Se. 2, we introdue the
generalized graded braket operation on the spae of graded operators with
an involution that generalizes the graded ommutator for superalgebras;
we desribe its properties and give the orresponding generalized Jaobi
identities. We then obtain the Lax representation of the N=(1|1) 2DTL
hierarhy and all the basi defining relations in terms of the generalized
graded braket. We give an expliit expression for the N=(1|1) 2DTL
hierarhy flows and for bosoni symmetries of theN=(1|1) 2DTL equation,
whih are onsequently used in Se. 3 to obtain the respetive dispersionless
analogues.
In Se. 3, we also find the semilassial limit of the N=(1|1) 2DTL
hierarhy and postulate the orresponding asymptoti behavior of the
fermioni and bosoni fields parameterizing the Lax operators. Using these
data, we then evaluate the asymptoti behavior of all the omposite opera-
tors entering the Lax representation and the orresponding field evolution
equations. We next obtain regular leading terms in the semilassial ex-
pansion of these evolution equations, whih are by definition the flows
of the dispersionless N=(1|1) 2DTL hierarhy. This a posteriori demon-
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strates self-onsisteny of the postulates underlying all our alulations.
The next step is to model the Poisson superbraket on the phase super-
spae obtained by extending the phase spae of the dispersionless 2DTL
hierarhy by one Grassmann oordinate. Replaing the Lax operators with
their symbols and replaing the generalized graded braket with the above
Poisson superbraket in the Lax representation of the N=(1|1) 2DTL hier-
arhy and in all its defining relations, we show by a diret alulation that
the operator representation thus obtained orretly reprodues the flows of
the dispersionless N=(1|1) 2DTL hierarhy that we onstruted previously
and is therefore the sought Lax representation of the above hierarhy.
In Se. 4, we briefly summarize the main results obtained in this paper.
2 N=(1|1) 2DTL hierarhy
In this setion, we introdue a new graded braket operation and use it
to propose a new form of the Lax representation for the N=(1|1) 2DTL
hierarhy.
2.1 Generalized graded brakets
We onsider the spae of operators Ok with the grading dOk (dOk ∈ Z),
dO1O2 = dO1 + dO2, (1)
and the involution ∗,
O
∗(2)
k = Ok, (2)
where Ok
∗(m)
denotes the m-fold ation of the involution ∗ on the operator
Ok. On this spae, we an define the generalized graded braket operation
[ · , · },
[
O1,O2
}
:= O1O2 − (−1)dO1dO2 O2∗(dO1 ) O1∗(dO2 ) (3)
with the easily verified properties of
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a. symmetry
[
O1,O2
}
= (−1)dO1dO2+1
[
O2
∗(dO1 ),O1
∗(dO2 )
}
, (4)
b. derivation[
O1,O2O3
}
=
[
O1,O2
}
O3 + (−1)dO1dO2O∗(dO1 )2
[
O1
∗(dO2 ),O3
}
, (5)
. Jaobi identity
(−1)dO1dO3
[[
O1
∗(dO3),O2
}
,O3
∗(dO1)
}
+ (−1)dO2dO1
[[
O2
∗(dO1),O3
}
,O1
∗(dO2)
}
+ (−1)dO3dO2
[[
O3
∗(dO2),O1
}
,O2
∗(dO3)
}
= 0. (6)
Relations (46) generalize the orresponding properties of the graded om-
mutator in Lie superalgebras. We emphasize that in the partiular ase
where the involution ∗ ats as the identity transformation, braket (3)
reprodues the graded Lie superalgebra ommutator. In the general ase
of the involution ation, this braket is a nontrivial generalization of that
ommutator.
2.2 Lax representation and flows
We begin this setion by detailing the spae of operators, their grading, and
involution whih are relevant in ontext of the N=(1|1) 2DTL hierarhy.
These operators an be represented in the general form
Om =
∞∑
k=−∞
f
(m)
k,j e
(k−m)∂ , m ∈ Z, (7)
parameterized by the funtions f
(m)
2k,j (f
(m)
2k+1,j) that are Z2-graded bosoni
(fermioni) lattie fields (j ∈ Z),
d
′
f
(m)
k,j
= |k| mod 2; (8)
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the operator el∂ (l ∈ Z) ating on these fields as the disrete lattie shift
el∂f
(m)
k,j ≡ f (m)k,j+lel∂ (9)
has another Z2-grading given by
del∂ = |l| mod 2. (10)
Operators (7) allow speifying only one diagonal Z2-grading
dOm = d
′
f
(m)
k,j
+ de(k−m)∂ = |m| mod 2 (11)
and the involution
O
∗
m =
∞∑
k=−∞
(−1)kf (m)k,j e(k−m)∂ . (12)
In what follows, we also need the projetions (Om)± of the operators Om
(7) defined as
(Om)+ =
∞∑
k=m
f
(m)
k,j e
(k−m)∂ , (Om)− =
m−1∑
k=−∞
f
(m)
k,j e
(k−m)∂ . (13)
The Lax operators L± of the N=(1|1) 2DTL hierarhy belong to the
spae of operators (7) [3, 7℄
L+ =
∞∑
k=0
uk,je
(1−k)∂ , u0,j = 1, L
− =
∞∑
k=0
vk,je
(k−1)∂ , v0,j 6= 0 (14)
and have the grading dL± = 1.
We now have all the ingredients neessary to express the Lax represen-
tation of the N=(1|1) 2DTL hierarhy in terms of braket operation (3),
thereby bringing it to a very simple form,
D±nL
α = ∓α(−1)n
[
(((L±)n∗ )−α)
∗, Lα
}
, α = +,−, n ∈ N, (15)
where D±2n (D
±
2n+1) are bosoni (fermioni) evolution derivatives.
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For the omposite operators (L±)n∗ entering this representation, we
an also obtain very simple expressions in terms of the Lax operators and
braket operation (3),
(Lα)2n∗ :=
( 1
2
[
(Lα)∗, (Lα)
} )n
, (Lα)2m+1∗ := L
α (Lα)2n∗ . (16)
Similarly to the Lax operators L±, the operators (L±)n∗ belong to the spae
of operators (7) and an be represented as
(L+)m∗ :=
∞∑
k=0
u
(m)
k,j e
(m−k)∂ , u
(m)
0,j = 1, (L
−)m∗ :=
∞∑
k=0
v
(m)
k,j e
(k−m)∂ ,(17)
where u
(m)
k,j and v
(m)
k,j (with u
(1)
k,j ≡ uk,j, v(1)k,j ≡ vk,j) are funtionals of the
original fields {uk,j, vk,j}. It must be noted here that in Lax representation
(15), the Z2-grading of the operatorà (L
±)n∗ , whih has the form d(L±)2n∗ = 0
and d(L±)2n+1∗ = 1, agrees with another Z2-grading d
′
D±2n
= 0 and d
′
D±2n+1
= 1
that orresponds to the statistis of the evolution derivatives D±n .
Using braket properties (46) and relations (16) as definitions of
(L±)n∗ , we an easily obtain the useful identities[
(Lα)2n∗ , (L
α)2m∗
}
= 0,[
((Lα)2n∗ )
∗, (Lα)2m+1∗
}
= 0,
[
(Lα)2n+1∗ , (L
α)2m∗
}
= 0,[
((Lα)2n+1∗ )
∗, (Lα)2m+1∗
}
= 2(Lα)2(n+m+1)∗ . (18)
Next, using Eqs. (46) and (1516), we an derive equations of motion for
the omposite operators (L±)n∗ ,
D±n (L
α)m∗ = ∓α(−1)nm
[
(((L±)n∗ )−α)
∗(m), (Lα)m∗
}
, (19)
and the evolution equations for the funtionals {u(m)k,j , v(m)k,j } in (17) implied
by Eqs. (19) found above,
D+n u
(2m)
k,j =
n∑
p=0
(u
(n)
p,ju
(2m)
k−p+n,j−p+n
− (−1)(p+n)(k−p+n)u(n)p,j−k+p−n+2mu(2m)k−p+n,j),
8
D+2nu
(2m+1)
k,j =
2n∑
p=0
((−1)pu(2n)p,j u(2m+1)k−p+2n,j−p+2n
− (−1)p(k−p)u(2n)p,j−k+p−2n+2m+1u(2m+1)k−p+2n,j),
D+2n+1u
(2m+1)
k,j =
k∑
p=1
((−1)p+1u(2n+1)p+2n+1,ju(2m+1)k−p,j−p
+ (−1)p(k−p)u(2n+1)p+2n+1,j−k+p+2m+1u(2m+1)k−p,j ), (20)
D−n u
(m)
k,j =
n−1∑
p=0
((−1)(p+n)mv(n)p,j u(m)k+p−n,j+p−n
− (−1)(p+n)(k+p−n)v(n)p,j−k−p+n+mu(m)k+p−n,j), (21)
D+n v
(m)
k,j =
n∑
p=0
((−1)(p+n)mu(n)p,j v(m)k+p−n,j−p+n
− (−1)(p+n)(k+p−n)u(n)p,j+k+p−n−mv(m)k+p−n,j), (22)
D−n v
(2m)
k,j =
n−1∑
p=0
(v
(n)
p,j v
(2m)
k−p+n,j+p−n
− (−1)(p+n)(k−p+n)v(n)p,j+k−p+n−2mv(2m)k−p+n,j),
D−2nv
(2m+1)
k,j =
2n−1∑
p=0
((−1)pv(2n)p,j v(2m+1)k−p+2n,j+p−2n
− (−1)p(k−p)v(2n)p,j+k−p+2n−2m−1v(2m+1)k−p+2n,j),
D−2n+1v
(2m+1)
k,j =
k∑
p=0
((−1)p+1v(2n+1)p+2n+1,jv(2m+1)k−p,j+p
+ (−1)p(k−p)v(2n+1)p+2n+1,j+k−p−2m−1v(2m+1)k−p,j ) (23)
(in the right-hand side of these equations, all the fields {u(m)k,j , v(m)k,j } with
k < 0 must be set equal to zero).
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Lax representation (15) generates a non-Abelian algebra of flows of the
N=(1|1) 2DTL hierarhy,
[D+n , D
−
l } = [D±n , D±2l] = 0, {D±2n+1 , D±2l+1} = 2D±2(n+l+1), (24)
whih an be realized as
D±2n = ∂
±
2n, D
±
2n+1 = ∂
±
2n+1 +
∞∑
l=1
t±2l−1∂
±
2(k+l), ∂
±
n :=
∂
∂t±n
, (25)
where t±2n (t
±
2n+1) are bosoni (fermioni) evolution times. The dispersion-
less N=(1|1) 2DTL hierarhy flows are based on the ontinuum limit of
flows (2023) onstruted in Se. 3.1.
2.3 Bosoni symmetries of the N=(1|1) 2DTL equation
The supersymmetri N=(1|1) 2DTL equation
D+1 D
−
1 ln v0,j = v0,j+1 − v0,j−1 (26)
belongs to system of equations (2023). It an be obtained from Eq. (21)
with {n = m = k = 1},
D−1 u1,j = −v0,j − v0,j+1, (27)
and from Eq. (22) with {n = m = 1, k = 0},
D+1 v0,j = v0,j(u1,j − u1,j−1), (28)
after eliminating the field u1,j. Its bosoni symmetries D
±
2nv0,j, with
{D+1 , D±2n} = {D−1 , D±2n} = 0, (29)
were desribed in [5℄[7℄ in terms of the iteration proedure
D±2nv0,j = v0,j(u
(2n)±
2n,j − u(2n)±2n,j−1), u(2n)±0,j = 1,
±D∓1 u(2n)±k,j = v0,ju(2n)±k−1,j−1 + (−1)kv0,j−k+2n+1u(2n)±k−1,j , (30)
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where the funtions u
(n)±
k,j are related to the original funtionals {u(n)k,j , v(n)k,j }
as
u
(n)+
k,j = u
(n)
k,j , u
(n)−
k,j =
v
(n)
k,−j−1∑n−k
m=1v0,k+m−n−j−1
(31)
(for detail, see [7℄).
The ontinuum limit of N=(1|1) 2DTL equation (26) and of its sym-
metries D±2nv0,j (30) is derived in Se. 3.2.
3 The dispersionless N=(1|1) 2DTL hierarhy
In this setion, we onstrut the ontinuum (semilassial) limit of the
N=(1|1) 2DTL hierarhy with respet to the lattie onstant, whih gives
the dispersionless N=(1|1) 2DTL hierarhy, and onstrut the orrespond-
ing Lax representation.
3.1 Semilassial limit
Flows (2023) of the N=(1|1) 2DTL hierarhy do not involve an expliit
dependene on dimensional onstants, and the lattie with the dimension-
less oordinate j (j ∈ Z) has the unit spaing onstant. To study the
ontinuum limit, we expliitly introdue the lattie spaing length. This
parameter is denoted by ~ beause it plays the role of the Plank onstant
in what follows. Instead of j, there then arises the ombination
~j ≡ s, (32)
and all the lattie fields aquire a dependene on the parameter ~. The
ontinuum (semilassial) limit an then be defined as
~→ 0, s = lim~→0, j>>1(~j), (33)
with s playing the role of the ontinuum lattie" oordinate.
For the flows in Eqs. (2023) to be nontrivial and regular in the limit in
Eq. (33), we must additionally perform several saling transformations of
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the dependent and independent variables in the system. We postulate the
rules for transition to the new evolution times and fields of the hierarhy
given by
t±2n+1 →
1√
~
t±2n+1, t
±
2n →
1
~
t±2n ⇔ D±2n+1 →
√
~D±2n+1, D
±
2n → ~D±2n, (34)
u2k,j → u2k(~j), v2k,j → v2k(~j),
u2k+1,j → 1√
~
u2k+1(~j), v2k+1,j → 1√
~
v2k+1(~j), (35)
and assume they are nonsingular at ~ = 0.
We an now establish two important properties of semilassial limit
(3335), whih have a key importane in what follows and are verified by
diret alulations.
The first property is that the new omposite fields defined in aordane
with the rules
u
(m)
2k,j → u(m)2k (~j), v(m)2k,j → v(m)2k (~j),
u
(2m+1)
2k+1,j →
1√
~
u
(2m+1)
2k+1 (~j), v
(2m+1)
2k+1,j →
1√
~
v
(2m+1)
2k+1 (~j),
u
(2m)
2k+1,j →
√
~ u
(2m)
2k+1(~j), v
(2m)
2k+1,j →
√
~ v
(2m)
2k+1(~j), (36)
are regular in the semilassial limit.
From rules (3336) and the obvious identities
(Lα)2(m+1)∗ := (L
α)2∗(L
α)2m∗ , (L
α)(2m+1)∗ := L
α(Lα)2m∗ , (37)
whih follow from Eqs. (16), we an, for example, obtain the important
reursive relations for the leading terms of the funtionals u
(m)
k ≡ u(m)k (s),
u
(2(l+1))
2k =
k∑
n=0
u
(2)
2nu
(2l)
2(k−n), u
(2(l+1))
2k+1 =
2k+1∑
n=0
u(2)n u
(2l)
2k−n+1,
u
(2l+1)
2k =
2k∑
n=0
unu
(2l)
2k−n, u
(2l+1)
2k+1 =
k∑
n=0
u2n+1u
(2l)
2(k−n), (38)
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u
(2)
2k =
k∑
n=0
u2nu2(k−n) + 2
k−1∑
n=0
(k − n− 1)u2(k−n)−1∂su2n+1,
u
(2)
2k+1 =
k∑
n=0
[
(1− 2n)u2n∂su2(k−n)+1 + 2(k − n)u2(k−n)+1∂su2n
]
, (39)
where ∂s :=
∂
∂s
.
The seond property is that in semilassial limit (3336) flows (20
23) of the N=(1|1) 2DTL hierarhy are nontrivial and regular. Expliit
expressions for their leading terms are as follows.
For {m = 2l, k = 2r} or {m = 2l + 1, k = 2r + 1}, we have
D−2n+1u
(m)
k =
n−1∑
p=0
[
2(p− n)v(2n+1)2p+1 ∂su(m)k+2(p−n)
+ (k −m+ 2(p− n))(∂sv(2n+1)2p+1 )u(m)k+2(p−n)
]
+ 2(−1)k
n∑
p=0
v
(2n+1)
2p u
(m)
k+2(p−n)−1,
D−2nu
(m)
k =
n−1∑
p=0
[
2(p− n)v(2n)2p ∂su(m)k+2(p−n)
+ (k −m+ 2(p− n))(∂sv(2n)2p )u(m)k+2(p−n)
+ 2(−1)kv(2n)2p+1u(m)k+2(p−n)+1
]
,
D+2nu
(m)
k =
n∑
p=0
[
2(n− p)u(2n)2p ∂su(m)k+2(n−p)
+ (k −m+ 2(n− p))(∂su(2n)2p )u(m)k+2(n−p)
]
+ 2(−1)k
n−1∑
p=0
u
(2n)
2p+1u
(m)
k+2(n−p)−1,
D+2n+1v
(m)
k =
n∑
p=0
[
2(n− p)u(2n+1)2p+1 ∂sv(m)k+2(p−n)
− (k −m+ 2(p− n))(∂su(2n+1)2p+1 )v(m)k+2(p−n)
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+ 2(−1)ku(2n+1)2p v(m)k−1+2(p−n)
]
,
D+2nv
(m)
k =
n∑
p=0
[
2(n− p)u(2n)2p ∂sv(m)k+2(p−n)
− (k −m+ 2(p− n))(∂su(2n)2p )v(m)k+2(p−n)
]
+ 2(−1)k
n−1∑
p=0
u
(2n)
2p+1v
(m)
k+1+2(p−n),
D−2nv
(m)
k =
n−1∑
p=0
[
2(p− n)v(2n)2p ∂sv(m)k+2(n−p)
− (k −m+ 2(n− p))(∂sv(2n)2p )v(m)k+2(n−p)
+ 2(−1)kv(2n)2p+1v(m)k+2(n−p)−1
]
. (40)
For {m = 2l, k = 2r + 1} or {m = 2l + 1, k = 2r}, we have
D−n u
(m)
k =
n−1∑
p=0
(−1)m(p+n)
[
(p− n)v(n)p ∂su(m)k+p−n
+ (k + p− n−m)(∂sv(n)p )u(m)k+p−n
]
,
D+2nu
(m)
k =
2n∑
p=0
(−1)mp
[
(2n− p)u(2n)p ∂su(m)k−p+2n
+ (k − p + 2n−m)(∂su(2n)p )u(m)k−p+2n
]
,
D+n v
(m)
k =
n∑
p=0
(−1)m(p+n)
[
(n− p)u(n)p ∂sv(m)k+p−n
− (k + p− n−m)(∂su(n)p )v(m)k+p−n
]
,
D−2nv
(m)
k =
2n−1∑
p=0
(−1)mp
[
(p− 2n)v(2n)p ∂sv(m)k−p+2n
− (k − p + 2n−m)(∂sv(2n)p )v(m)k−p+2n
]
, (41)
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and also
D+2n+1u
(2m)
2k = 2
n∑
p=0
[
(n− p)u(2n+1)2p+1 ∂su(2m)2(k−p+n)
+ (k − p+ n−m)(∂su(2n+1)2p+1 )u(2m)2(k−p+n)
+ u
(2n+1)
2p u
(2m)
2(k−p+n)+1
]
,
D+2n+1u
(2m+1)
2k+1 = 2
k∑
p=1
[
pu
(2n+1)
2(p+n)+1∂su
(2m+1)
2(k−p)+1
+ (m+ p− k)(∂su(2n+1)2(p+n)+1)u(2m+1)2(k−p)+1
]
+ 2
k∑
p=0
u
(2n+1)
2(p+n+1)u
(2m+1)
2(k−p) ,
D+2n+1u
(2m+1)
2k =
2k∑
p=1
(−1)p
[
pu
(2n+1)
p+2n+1∂su
(2m+1)
2k−p
+ (2(m− k) + p+ 1)(∂su(2n+1)p+2n+1)u(2m+1)2k−p
]
,
D+2n+1u
(2m)
2k+1 =
2n+1∑
p=0
[
(2n− p + 1)u(2n+1)p ∂su(2m)2(k+n+1)−p
+ (2(k + n−m+ 1)− p)(∂su(2n+1)p )u(2m)2(k+n+1)−p
]
,
D−2n+1v
(2m)
2k = 2
n−1∑
p=0
[
(p− n)v(2n+1)2p+1 ∂sv(2m)2(k−p+n)
− (k − p+ n−m)(∂sv(2n+1)2p+1 )v(2m)2(k−p+n)
]
+ 2
n∑
p=0
v
(2n+1)
2p v
(2m)
2(k−p+n)+1,
D−2n+1v
(2m+1)
2k+1 = 2
k∑
p=0
[
−pv(2n+1)2(p+n)+1∂sv(2m+1)2(k−p)+1
+ (k − p−m)∂sv(2n+1)2(p+n)+1)v(2m+1)2(k−p)+1
+ v
(2n+1)
2(p+n+1)v
(2m+1)
2(k−p)
]
,
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D−2n+1v
(2m+1)
2k =
k∑
p=0
(−1)p
[
−pv(2n+1)p+2n+1∂sv(2m+1)2k−p
− (2(m− k) + p+ 1)(∂sv(2n+1)p+2n+1)v(2m+1)2k−p
]
,
D−2n+1v
(2m)
2k+1 =
2n∑
p=0
[
−(2n− p+ 1)v(2n+1)p ∂sv(2m)2(k+n+1)−p
− (2(k + n−m+ 1)− p)(∂sv(2n+1)p )v(2m)2(k+n+1)−p
]
, (42)
where all the fields {u(m)k , v(m)k } with k < 0 must be set equal to zero
in the right-hand sides. Flows (4042) thus derived are said to onsti-
tute the dispersionless N=(1|1) 2DTL hierarhy. The orresponding Lax
representation is onstruted in Se. 3.3.
3.2 The dispersionless N=(1|1) 2DTL equation and its
bosoni symmetries
The dispersionless limits of N=(1|1) 2DTL equation (26) and of its bosoni
symmetries (30) an be easily obtained using Eqs. (3136). We respe-
tively obtain
D+1 D
−
1 ln v0 = 2∂sv0 (43)
and
D±2nv0 = v0∂su
(2n)±
2n , u
(2n)±
0,j = 1,
∓D∓1 u(2n)±2k+1 = v0∂su(2n)±2k + 2(n− k)(∂sv0)u(2n)±2k ,
±D∓1 u(2n)±2k = 2v0u(2n)±2k−1 . (44)
Eliminating u
(2n)±
2k+1 from system of equations (44), we finally obtain a
reursive system of equations for the generation of bosoni symmetries of
dispersionless N=(1|1) 2DTL equation (43)
D±2nv0 = v0∂su
(2n)±
2n , u
(2n)±
0,j = 1,
−D∓1 u(2n)±2k = 2v0(D∓1 )−1
[
v0∂su
(2n)±
2(k−1) + 2(n− k + 1)(∂sv0)u(2n)±2(k−1)
]
.(45)
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We note that symmetries of the bosoni dispersionless 2DTL equation
were found in [32℄ (also see [26℄) by solving the orresponding suffiiently
ompliated symmetry equation.
3.3 Lax representation
In Se. 3.1, we onstruted flows (4042) of the dispersionless N=(1|1)
2DTL hierarhy. We now find the orresponding Lax representation. Be-
ause Lax representation (15) of the N=(1|1) 2DTL hierarhy an be ex-
pressed in terms of generalized graded braket (3), it is natural to ex-
pet that to derive its semilassial limit, the orresponding dispersionless
N=(1|1) 2DTL hierarhy, it would suffie to replae all ourrenes of this
braket with a ertain Poisson superbraket and the operators with their
symbols defined on the orresponding phase spae.
Our immediate problem is to model the phase spae and the Poisson
superbraket starting from ertain properties with whih they must be
endowed. Realling that the Lax operators of the N=(1|1) 2DTL hier-
arhy, being defined on the spae of operators graded by two different
Z2-gradings (8) and (10), have only one diagonal Z2-grading (11), we an
assume that the phase spae inherits these properties. With the Z2-grading
de∂ = 1, de2∂ = 0 of the lattie shift operator e
l∂
taken into aount, (10),
we assume that its ounterpart on the phase spae is given by two o-
ordinates, the Grassmann oordinate pi (with pi2 = 0) and the bosoni
oordinate p, via
e∂ → 1√
~
pi, e2∂ → p. (46)
Although the oordinate pi is Grassmann, it must have a property, not
typial of Grassmann oordinates, to ommute with not only bosoni but
also fermioni fields of the hierarhy, as follows from the ontinuum limit
of relation (9).
It is obvious that in addition to the oordinates pi and p, the phase spae
must inlude a ontinuum lattie" oordinate s, Eq. (32). The resulting
phase superspae {pi, p, s} of the dispersionless N=(1|1) 2DTL hierarhy
ontains the phase spae {p, s} of the dispersionless 2DTL hierarhy as a
subspae.
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Having established the oordinates on the phase spae, we an on-
strut the Poisson superbraket for them. Realling that the Poisson su-
perbraket must agree with the superalgebra of the Z2-graded operators
{√~e∂, e2∂, ~j}, to whih the phase superspae oordinates {pi, p, s} or-
respond, we an find these superbrakets relatively easily. We here give the
Poisson superbrakets between two arbitrary funtions F1,2 ≡ F1,2(pi, p, s)
on the phase spae obtained as explained above,
{
F1,F2
}
= 2p
(∂F1
∂p
∂F2
∂s
− ∂F1
∂s
∂F2
∂p
+
∂F1
∂pi
∂F2
∂pi
)
+ pi
(∂F1
∂pi
∂F2
∂s
− ∂F1
∂s
∂F2
∂pi
). (47)
We note that after the transition to the new basis {s˜, p˜, pi} in the phase
spae given by the formulas
s˜ :=
s
2
, p˜ := ln p, pi :=
pi√
2p
,
s := 2s˜, p := ep˜, pi :=
√
2pie
p˜
2 , (48)
Poisson superbrakets (47) beome
{
F1,F2
}
=
∂F1
∂p˜
∂F2
∂s˜
− ∂F1
∂s˜
∂F2
∂p˜
+
∂F1
∂pi
∂F2
∂pi
, (49)
whih orresponds to the anonial orthosympleti struture of the phase
superspae.
We now proeed to the next stage of deriving the Lax representation
of the dispersionless N=(1|1) 2DTL hierarhy. Heuristi formulas for the
symbols L± and (L±)n∗ of the Lax operators L± (14) and of the omposite
operators (L±)n∗ (1617) are
L± → 1√
~
L±,
L+ =
∞∑
k=0
(u2k+1 + u2kpi)p
−k, L− =
∞∑
k=0
(v2k−1 + v2kpi)p
k−1
(50)
and
(L±)2m∗ → (L±)2m∗ , (L±)2m+1∗ →
1√
~
(L±)2m+1∗ ,
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(L+)2m∗ :=
∞∑
k=0
(u
(2m)
2k + u
(2m)
2k−1pi)p
m−k,
(L−)2m∗ :=
∞∑
k=0
(v
(2m)
2k + v
(2m)
2k+1pi)p
k−m,
(L+)2m+1∗ :=
∞∑
k=0
(u
(2m+1)
2k+1 + u
(2m+1)
2k pi)p
m−k,
(L−)2m+1∗ :=
∞∑
k=0
(v
(2m+1)
2k−1 + v
(2m+1)
2k pi)p
k−m−1, (51)
respetively. By definition, all the fields {u(m)k , v(m)k } with k < 0 must be
set equal to zero. In obtaining these expressions we have used substitutions
(36) and (46). We note that the above symbols are not ommutative in
general,
(Lα)k∗(Lβ)m∗ = (−1)km((Lβ)m∗ )∗(k)((Lα)k∗)∗(m), α, β = +,−, (52)
whih is related to the atypial property of the Grassmann oordinate pi
noted above (see the remark after Eq. (46)).
In Lax representations (15) and (19) for the N=(1|1) 2DTL hierarhy
and in defining relations (16), we finally replae the Lax operators with
their symbols (5051) and the generalized graded braket (3) with Poisson
superbraket (47) in aordane with[
. , .
}
→ ~
{
. , .
}
(53)
and then perform substitution (34) and take limit (33). This gives the
expressions
D±nLα = ∓α(−1)n
{
(((L±)n∗ )−α)∗,Lα
}
, n ∈ N, α = +,−, (54)
D±n (Lα)m∗ = ∓α(−1)nm
{
(((L±)n∗ )−α)∗(m), (Lα)m∗
}
, n,m ∈ N, (55)
(Lα)2m∗ :=
( 1
2
{
(Lα)∗,Lα
} )m
, (Lα)2m+1∗ := Lα (Lα)2m∗ (56)
for the dispersionless N=(1|1) 2DTL hierarhy. Diret alulations on-
firm that obtained relations (5556) orretly reprodue dispersionless
flows (3842) and are therefore the sought Lax representation for the dis-
persionless N=(1|1) 2DTL hierarhy.
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4 Conlusions
We have proposed new braket operation (3) with the properties in Eqs.
(46) on the spae of graded operators with an involution; this braket
generalizes the graded ommutator in superalgebras. We then obtained a
new form of Lax representation (1516) and (19) for the two-dimensional
N=(1|1) supersymmetri Toda lattie hierarhy in terms of the general-
ized graded braket. We next used this representation to onstrut semi-
lassial limit (3336) of this hierarhy the dispersionless N=(1|1) Toda
hierarhy in Eqs. (4042)and its Lax representation (5051), (5456) on
the graded phase superspae with Poisson braket (47). Finally, we estab-
lished bosoni symmetries (45) of dispersionless N=(1|1) supersymmetri
Toda equation (43).
One of us (V. K.) 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quainted with A. A. Logunov while
still a seond-year student in the Physis Department of Mosow State
University (1956) and over the deades sine then have always felt his rm
support in matters both within and outside siene. All our best wishes,
dear Anatolii Alekseevih!
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Abstrat
Generalizing the graded ommutator in superalgebras, we propose a new
braket operation on the spae of graded operators with an involution. We
study properties of this operation and show that the Lax representation
of the two-dimensional N=(1|1) supersymmetri Toda lattie hierarhy
an be realized via the generalized braket operation; this is important
in onstruting the semilassial (ontinuum) limit of this hierarhy. We
onstrut the ontinuum limit of the N=(1|1) Toda lattie hierarhy, the
dispersionless N=(1|1) Toda hierarhy. In this limit, we obtain the Lax
representation, with the generalized graded braket beoming the orre-
sponding Poisson braket on the graded phase superspae. We find bosoni
symmetries of the dispersionless N=(1|1) supersymmetri Toda equation.
∗
Translated from Teoretiheskaya i Matematiheskaya Fizika 132 (2002) 222.
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Aííîòàöèÿ
ïðåäëîæåíà ñêîáî÷íàÿ îïåðàöèÿ íà ïðîñòðàíñòâå ãðàäóèðîâàííûõ
îïåðàòîðîâ ñ èíâîëþöèåé, îáîáùàþùàÿ ãðàäóèðîâàííûé êîììóòàòîð
ñóïåðàëãåáð. ïîêàçàíî, ÷òî ïðåäñòàâëåíèå ëàêñà äëÿ äâóìåðíîé
N = (1|1) ñóïåðñèììåòðè÷íîé ðåøåòî÷íîé èåðàðõèè Tîäû ìîæåò
áûòü ðåàëèçîâàíî êàê îáîáùåííàÿ ñêîáî÷íàÿ îïåðàöèÿ, ÷òî âàæíî
äëÿ ïîñòðîåíèÿ êâàçèêëàññè÷åñêîãî (íåïðåðûâíîãî) ïðåäåëà ýòîé
èåðàðõèè. ïîñòðîåí íåïðåðûâíûé ïðåäåë N = (1|1) ðåøåòî÷íîé
èåðàðõèè Tîäû  áåçäèñïåðñèîííàÿ N = (1|1) èåðàðõèÿ Tîäû, è
ïîëó÷åíî åãî ïðåäñòàâëåíèå ëàêñà, ãäå îáîáùåííàÿ ãðàäóèðîâàííàÿ
ñêîáêà ïåðåõîäèò â ñîîòâåòñòâóþùóþ ñêîáêóïóàññîíà íà ãðàäóèðîâàííîì
àçîâîì ñóïåðïðîñòðàíñòâå. íàéäåíû áîçîííûå ñèììåòðèè áåçäèñïåðñèîííîãî
N = (1|1) ñóïåðñèììåòðè÷íîãî óðàâíåíèÿ Tîäû.
ïîñâÿùàåòñÿ 75ëåòèþ àêàäåìèêà àíàòîëèÿ àëåêñååâè÷à ëîãóíîâà
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1 ââåäåíèå
â ïîñëåäíèå íåñêîëüêî äåñÿòèëåòèé êâàíòîâàÿ òåîðèÿ ïîëÿ (êòï),
ïðèíÿâ íà âîîðóæåíèå ýåêòèâíûå ìàòåìàòè÷åñêèå ìåòîäû, ïðåâðàòèëàñü
â òåîðèþ, óäîâëåòâîðÿþùóþ ñàìûì ñòðîãèì ìàòåìàòè÷åñêèì òðåáîâàíèÿì
[1℄. ïîñëå âîçíèêíîâåíèÿ ñóïåðñèììåòðè÷íûõ êòï îñîáîå âíèìàíèå
èññëåäîâàòåëåé ïðèâëåêëè ìíîãî÷èñëåííûå ïðîáëåìû, êîòîðûå, 
îäíîé ñòîðîíû, ïðåäñòàâëÿþò èíòåðåñ äëÿ ìàòåìàòè÷åñêîé èçèêè,
a, ñ äðóãîé ñòîðîíû, îáåùàþò âàæíûå èçè÷åñêèå ïðèëîæåíèÿ.
â íàñòîÿùåé ðàáîòå áóäåò ðàññìîòðåíî èíòåãðèðóåìîå N =
(1|1) ñóïåðñèììåòðè÷íîå îáîáùåíèå ðåøåòî÷íîé äâóìåðíîé áîçîííîé
èåðàðõèè Tîäû (2DTL èåðàðõèè) [2℄, ïðåäëîæåííîå â [3, 4℄. îíî
ïðåäñòàâëÿåò ñîáîé áåñêîíå÷íóþ ñèñòåìó ýâîëþöèîííûõ (ïî äâóì
áîçîííûì è äâóì åðìèîííûì áåñêîíå÷íûì "áàøíÿì" âðåìåí) óðàâíåíèé
(ïîòîêîâ) äëÿ áåñêîíå÷íîãî íàáîðà ðåøåòî÷íûõ áîçîííûõ è åðìèîííûõ
ïîëåé è ñîäåðæèò êàê ïîäñèñòåìó N = (1|1) ñóïåðñèììåòðè÷íîå
èíòåãðèðóåìîå îáîáùåíèå 2DTL óðàâíåíèÿ, îáîçíà÷àåìîå â äàëüíåéøåì
ïîñðåäñòâîì N = (1|1) 2DTL.
ïîçäíåå â ðàáîòàõ [5, 6, 7℄ áûëè ïîñòðîåíû äâå íîâûå áåñêîíå÷íûå
ñåðèè åðìèîííûõ ïîòîêîâ N = (1|1) 2DTL èåðàðõèè è, êàê ñëåäñòâèå,
áûëî óñòàíîâëåíî, ÷òî ýòà èåðàðõèÿ, â äåéñòâèòåëüíîñòè, îáëàäàåò
áîëåå âûñîêîé ñèììåòðèåé, à èìåííî N = (2|2) óïåðñèììåòðèåé. ýòè
ïîòîêè, ñîâìåñòíî ñ ðàíåå èçâåñòíûìè áîçîííûìè ïîòîêàìè N = (1|1)
2DTL èåðàðõèè, ÿâëÿþòñÿ ñèììåòðèÿìè N = (1|1) 2DTL óðàâíåíèÿ
[5, 6, 7℄. íåïðåðûâíûé ïðåäåë ïî øàãó ðåøåòêè ïîñëåäíåãî óðàâíåíèÿ
[8℄ ïðåäñòàâëÿåò ñîáîé òðåõìåðíîå íåëèíåéíîå óðàâíåíèå, íàçûâàåìîå
íåïðåðûâíûì èëè áåçäèñïåðñèîííûì N = (1|1) 2DTL óðàâíåíèåì; â
[8℄ òàêæå ðàññìàòðèâàëîñü ðåøåíèå ñîîòâåòñòâóþùåé çàäà÷è Kîøè.
õîòÿ N = (1|1) 2DTL èåðàðõèÿ è áåçäèñïåðñèîííîå N = (1|1)
2DTL óðàâíåíèå èçâåñòíû äîñòàòî÷íî äàâíî, ïðîáëåìà ïîñòðîåíèÿ
íåïðåðûâíîãî (êâàçèêëàññè÷åñêîãî) ïðåäåëà ïî øàãó ðåøåòêè, èãðàþùåãî
çäåñü ðîëü ïîñòîÿííîé ïëàíêà, äëÿ âñåõ ïîòîêîâ N = (1|1) 2DTL
èåðàðõèè ÿâëÿåòñÿ åùå íå ðåøåííîé è äîñòàòî÷íî ñëîæíîé çàäà÷åé
1
.
Kðîìå ÷èñòî àêàäåìè÷åñêîãî çíà÷åíèÿ ýòîé ïðîáëåìû, èíòåðåñ ê
1
â ýòîé ñâÿçè çàìåòèì, ÷òî àíàëîãè÷íûå çàäà÷è äëÿ äèåðåíöèàëüíî
ðàçíîñòíûõ óðàâíåíèé ðàññìàòðèâàëèñü â öèêëå ðàáîò [9, 10, 11, 12, 13, 14, 15, 16℄.
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åå ðåøåíèþ ñâÿçàí ñ ðÿäîì âàæíûõ èçè÷åñêèõ è ìàòåìàòè÷åñêèõ
ïðèëîæåíèé. ðå÷ü èäåò, â ÷àñòíîñòè, î êâàçèêëàññè÷åñêîì ïðåäåëå
áîçîííîãî ïðîîáðàçà N = (1|1) 2DTL èåðàðõèè  áåçäèñïåðñèîííîé
2DTL èåðàðõèè [17℄, ïðåäñòàâëÿþùåé ñîáîé îáúåäèíåíèå ïîòîêîâ
2DTL èåðàðõèè, âîçíèêàþùèõ â ëèäèðóþùåì ïðèáëèæåíèè êâàçèêëàññè÷åñêîãî
ðàçëîæåíèÿ, ïîñòðîåííîì â ðàáîòå [18℄ (ñì. òàêæå îáçîð [19℄). â
êà÷åñòâå èëëþñòðàöèè, ìîæíî ïðèâåñòè ïåðå÷åíü âîçìîæíûõ ïðèëîæåíèé
áåçäèñïåðñèîííîé 2DTL èåðàðõèè:
1. ïîñòðîåíèå ðÿäà ñàìîäóàëüíûõ âàêóóìíûõ ìåòðèê è ìåòðèê
ýéíøòåéíàâåéëÿ;
2. òåîðèè òâèñòîðîâ;
3. äâóìåðíîé êîíîðìíîé è òîïîëîãè÷åñêîé òåîðèè ïîëÿ;
4. äâóìåðíîé òåîðèè ñòðóí
(ñì., òàêæå [20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31℄ è ïðèâåäåííûå
òàì ññûëêè).
èìåÿ â âèäó ãëóáîêóþ ñâÿçü ìåæäó 2DTL è N = (1|1) 2DTL
èåðàðõèÿìè, ïðåäñòàâëÿåòñÿ åñòåñòâåííûì ïîëàãàòü, ÷òî è áåçäèñïåðñèîííàÿ
N = (1|1) ñóïåðñèììåòðè÷íàÿ 2DTL èåðàðõèÿ íàéäåò àíàëîãè÷íûå
ïðèëîæåíèÿ â ñóïåðñèììåòðè÷íûõ îáîáùåíèÿõ ïåðå÷èñëåííûõ âûøå
òåîðèé. ïîñëåäíåå îáñòîÿòåëüñòâî ÿâèëîñü ñòèìóëîì äëÿ ïîñòðîåíèÿ
áåçäèñïåðñèîííîé N = (1|1) 2DTL èåðàðõèè â äàííîé ðàáîòå.
Dàëåå ìû õîòåëè áû îñîáî ïîä÷åðêíóòü, ÷òî ñóùåñòâóþùèé îáùèé
àëãîðèòì ïîñòðîåíèÿ êâàçèêëàññè÷åñêèõ àñèìïòîòèê, èñïîëüçîâàííûé
â ðàáîòå [18℄ äëÿ 2DTL èåðàðõèè, âñòðå÷àåò ðÿä êàê îðìàëüíûõ, òàê
è íåîðìàëüíûõ ïðåïÿòñòâèé ïðè ïðÿìîëèíåéíîì ðàñïðîñòðàíåíèè
íà ñëó÷àé N = (1|1) 2DTL èåðàðõèè. Tàê, îáùåèçâåñòíî, ÷òî â
êâàçèêëàññè÷åñêîì ïðåäåëå âñå îïåðàòîðû ïåðåõîäÿò â èõ ñèìâîëû,
çàäàâàåìûå íà ñîîòâåòñòâóþùåì àçîâîì ïðîñòðàíñòâå, à (àíòè)êîììóòàòîðû
â ñòàíäàðòíûõ ïðåäñòàâëåíèÿõ ëàêñà çàìåíÿþòñÿ ñîîòâåòñòâóþùèìè
ñêîáêàìè ïóàññîíà. ÷òî æå êàñàåòñÿ ïðåäëîæåííîãî â ðàáîòå [3℄
ïðåäñòàâëåíèÿ ëàêñà äëÿ N = (1|1) 2DTL èåðàðõèè, òî îíî íå
èìååò (àíòè)êîììóòàòîðíîãî âèäà. ïîýòîìó áóêâàëüíîå ïðèìåíåíèå
âûøåïðèâåäåííîãî êà÷åñòâåííîãî ðåöåïòà ïåðåõîäà ê êâàçèêëàññèêå
êàæåòñÿ çàòðóäíèòåëüíûì.
Dðóãîé ïðèíöèïèàëüíî âàæíîé, êà÷åñòâåííî íîâîé ÷åðòîé N =
(1|1) 2DTL èåðàðõèè ïî ñðàâíåíèþ ñ åå áîçîííûì ïðîîáðàçîì,
óñëîæíÿþùåé ðàññìîòðåíèå, ÿâëÿåòñÿ òî, ÷òî îïåðàòîðû, âõîäÿùèå
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â åå ïðåäñòàâëåíèå ëàêñà, çàäàþòñÿ íà ïðîñòðàíñòâå ñ äâóìÿ Z2
ãðàäóèðîâêàìè, îáëàäàÿ, îäíàêî, òîëüêî îäíîé äèàãîíàëüíîé Z2
ãðàäóèðîâêîé. ïî ýòîé ïðè÷èíå â îáùåì ñëó÷àå äàæå â êâàçèêëàññè÷åñêîì
ïðåäåëå íåëüçÿ îæèäàòü êîììóòàòèâíîñòè ñèìâîëîâ ýòèõ îïåðàòîðîâ.
K ñêàçàííîìó ìîæíî òàêæå äîáàâèòü è âîçìîæíûå óñëîæíåíèÿ,
ñâÿçàííûå ñ òåì, ÷òî åðìèîííûå è áîçîííûå ïîëÿ N = (1|1)
2DTL èåðàðõèè ìîãóò èìåòü íå ñîâïàäàþùèå êâàçèêëàññè÷åñêèå
àñèìïòîòèêè, êîòîðûå íåîáõîäèìî çàäàòü ñàìîñîãëàñîâàííî. Aíàëîãè÷íàÿ
ñèòóàöèÿ èìååò ìåñòî äëÿ åðìèîííûõ è áîçîííûõ âðåìåí ýòîé
èåðàðõèè, îäíàêî ïîñëåäíèå ìîæíî ëåãêî ñîãëàñîâàòü, äîïîëíèòåëüíî
ïðèâëåêàÿ ñîîáðàæåíèÿ ðàçìåðíîñòè.
ñîâñåì íåäàâíî íàìåòèëñÿ îïðåäåëåííûé ïðîãðåññ íà ïóòè ïîñòðîåíèÿ
êâàçèêëàññè÷åñêîãî ïðåäåëà N = (1|1) 2DTL èåðàðõèè. Tàê, â ðàáîòå
[7℄ áûëî îáíàðóæåíî, ÷òî ïðåäñòàâëåíèå ëàêñà äëÿ ýòîé èåðàðõèè
ìîæåò áûòü ïðèâåäåíî ê êîììóòàòîðíîé îðìå (óðàâíåíèå (39) â
[7℄) ïîñðåäñòâîì ââåäåíèÿ ðÿäà íîâûõ âñïîìîãàòåëüíûõ åðìèîííûõ
ïîñòîÿííûõ (äåòàëè ñì. [7℄). õîòÿ ïîëó÷àåìîå òàêèì ñïîñîáîì
êîììóòàòîðíîå ïðåäñòàâëåíèå, íà ïåðâûé âçãëÿä, êàæåòñÿ èñêóññòâåííûì,
â äåéñòâèòåëüíîñòè, â íåì çàêîäèðîâàíà âàæíàÿ íîâàÿ îáîáùåííàÿ
ãðàäóèðîâàííàÿ ñêîáî÷íàÿ îïåðàöèÿ, êîòîðàÿ ìîæåò áûòü îïðåäåëåíà
â äîñòàòî÷íî îáùèõ òåðìèíàõ, ÷òîáû èìåòü øèðîêèé ñïåêòð ïðèëîæåíèé.
Mû ââîäèì åå â ðàññìîòðåíèå â íàñòîÿùåé ðàáîòå è èñïîëüçóåì äëÿ
ðåøåíèÿ èçó÷àåìîé çäåñü ïðîáëåìû.
Oêàçûâàåòñÿ, ÷òî èìåííî â òåðìèíàõ äàííîé ñêîáî÷íîé îïåðàöèè
ìîãóò áûòü âûðàæåíû âñå îñíîâíûå ñîîòíîøåíèÿ, îïðåäåëÿþùèå N =
(1|1) 2DTL èåðàðõèþ, è äëÿ ýòîãî íå òðåáóåòñÿ ââåäåíèå íèêàêèõ
âñïîìîãàòåëüíûõ îáúåêòîâ, òèïà óïîìÿíóòûõ âûøå åðìèîííûõ
ïîñòîÿííûõ. áîëåå òîãî, â êâàçèêëàññè÷åñêîì ïðåäåëå èìåííî
ýòà ñêîáî÷íàÿ îïåðàöèÿ çàìåíÿåòñÿ ñîîòâåòñòâóþùåé ñóïåðñêîáêîé
ïóàññîíà íà àçîâîì ñóïåðïðîñòðàíñòâå. Tåì ñàìûì çàäàåòñÿ
ïðåäñòàâëåíèå ëàêñà äëÿ áåçäèñïåðñèîííîé N = (1|1) 2DTL èåðàðõèè.
ñòðóêòóðà äàííîé ðàáîòû òàêîâà. â ïàðàãðàå 2 ìû ââîäèì
îáîáùåííóþ ãðàäóèðîâàííóþ ñêîáî÷íóþ îïåðàöèþ íà ïðîñòðàíñòâå
ãðàäóèðîâàííûõ îïåðàòîðîâ ñ èíâîëþöèåé, îáîáùàþùóþ ãðàäóèðîâàííûé
êîììóòàòîð äëÿ ñóïåðàëãåáð, îïèñûâàåì åå ñâîéñòâà è ïðèâîäèì
ñîîòâåòñòâóþùèå îáîáùåííûå òîæäåñòâà ÿêîáè. çàòåì ìû ïîëó÷àåì
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ïðåäñòàâëåíèå ëàêñà N = (1|1) 2DTL èåðàðõèè, à òàêæå âñå
îñíîâíûå îïðåäåëÿþùèå åãî ñîîòíîøåíèÿ â òåðìèíàõ îáîáùåííîé
ãðàäóèðîâàííîé ñêîáêè. Mû ïðèâîäèì äàëåå ÿâíûå âûðàæåíèÿ
äëÿ ïîòîêîâ N = (1|1) 2DTL èåðàðõèè è áîçîííûõ ñèììåòðèé
N = (1|1) 2DTL óðàâíåíèÿ, êîòîðûå âïîñëåäñòâèè èñïîëüçóþòñÿ
â ïàðàãðàå 3 äëÿ ïîëó÷åíèÿ èõ áåçäèñïåðñèîííûõ àíàëîãîâ. â
ïàðàãðàå 3 òàêæå îïðåäåëÿåòñÿ êâàçèêëàññè÷åñêèé ïðåäåë N = (1|1)
2DTL èåðàðõèè è ïîñòóëèðóåòñÿ ñîîòâåòñòâóþùåå àñèìïòîòè÷åñêîå
ïîâåäåíèå åðìèîííûõ è áîçîííûõ ïîëåé, ïàðàìåòðèçóþùèõ îïåðàòîðû
ëàêñà.
çàòåì ñ ïîìîùüþ ýòèõ äàííûõ ìû âû÷èñëÿåì àñèìïòîòè÷åñêîå
ïîâåäåíèå âñåõ êîìïîçèòíûõ îïåðàòîðîâ, âõîäÿùèõ â ïðåäñòàâëåíèå
ëàêñà è ñîîòâåòñòâóþùèå åìó ïîëåâûå ýâîëþöèîííûå óðàâíåíèÿ.
Dàëåå ìû ïîëó÷àåì íåïðîòèâîðå÷èâûå, ðåãóëÿðíûå ëèäèðóþùèå
÷ëåíû êâàçèêëàññè÷åñêîãî ðàçëîæåíèÿ ýòèõ ýâîëþöèîííûõ óðàâíåíèé,
ÿâëÿþùèõñÿ, ïî îïðåäåëåíèþ, ïîòîêàìè áåçäèñïåðñèîííîé N =
(1|1) 2DTL èåðàðõèè. Tåì ñàìûì àïîñòåðèîðè äåìîíñòðèðóåòñÿ
ñàìîñîãëàñîâàííîñòü íàøèõ ïîñòóëàòîâ, ëåæàùèõ â îñíîâå âñåõ ïðîâåäåííûõ
âû÷èñëåíèé.
ñëåäóþùèé øàã  ìîäåëèðîâàíèå ñóïåðñêîáêè ïóàññîíà íà àçîâîì
ñóïåðïðîñòðàíñòâå, ïðåäñòàâëÿþùåì ñîáîé àçîâîå ïðîñòðàíñòâî áåçäèñïåðñèîííîé
2DTL èåðàðõèè, ðàñøèðåííîå îäíîé ãðàññìàíîâîé êîîðäèíàòîé. è,
íàêîíåö, çàìåíÿÿ îïåðàòîðû ëàêñà íà èõ ñèìâîëû, à îáîáùåííóþ
ãðàäóèðîâàííóþ ñêîáêó íà óêàçàííóþ ñóïåðñêîáêó ïóàññîíà â ïðåäñòàâëåíèè
ëàêñà äëÿ N = (1|1) 2DTL èåðàðõèè è âî âñåõ îïðåäåëÿþùèõ åãî
ñîîòíîøåíèÿõ, ìû óáåæäàåìñÿ ïðÿìûì âû÷èñëåíèåì, ÷òî ïîëó÷àåìîå
òàêèì ñïîñîáîì îïåðàòîðíîå ïðåäñòàâëåíèå ïðàâèëüíî âîñïðîèçâîäèò
ïîñòðîåííûå íàìè ðàíåå ïîòîêè áåçäèñïåðñèîííîé N = (1|1) 2DTL
èåðàðõèè, ò.å. ÿâëÿåòñÿ èñêîìûì ïðåäñòàâëåíèåì ëàêñà äëÿ ïîñëåäíåé
èåðàðõèè. â ïàðàãðàå 4 ìû êðàòêî ðåçþìèðóåì îñíîâíûå ðåçóëüòàòû,
ïîëó÷åííûå â ðàáîòå.
2 N=(1|1) 2DTL èåðàðõèÿ
â ýòîì ïàðàãðàå ââîäèòñÿ íîâàÿ ãðàäóèðîâàííàÿ ñêîáî÷íàÿ
îïåðàöèÿ è íà ýòîé îñíîâå ïðåäëàãàåòñÿ íîâàÿ îðìà äëÿ ïðåäñòàâëåíèÿ
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ëàêñà N = (1|1) 2DTL èåðàðõèè.
2.1 îáîáùåííûå ãðàäóèðîâàííûå ñêîáêè
ðàññìîòðèì ïðîñòðàíñòâî îïåðàòîðîâ Ok ñ ãðàäóèðîâêîé dOk (dOk ∈
Z),
dO1O2 = dO1 + dO2, (1)
è èíâîëþöèåé ∗,
O
∗(2)
k = Ok, (2)
ãäå çäåñü è â äàëüíåéøåì Ok
∗(m)
îáîçíà÷àåò mêðàòíîå äåéñòâèå
èíâîëþöèè ∗ íà îïåðàòîð Ok. íà ýòîì ïðîñòðàíñòâå ìîæíî îïðåäåëèòü
îáîáùåííóþ ãðàäóèðîâàííóþ ñêîáî÷íóþ îïåðàöèþ [..., ...}:[
O1,O2
}
:= O1O2 − (−1)dO1dO2 O2∗(dO1 ) O1∗(dO2 ), (3)
ñî ñëåäóþùèìè ëåãêî ïðîâåðÿåìûìè ñâîéñòâàìè:
ñèììåòðèÿ[
O1,O2
}
= (−1)dO1dO2+1
[
O2
∗(dO1 ),O1
∗(dO2 )
}
, (4)
Dèåðåíöèðîâàíèå[
O1,O2O3
}
=
[
O1,O2
}
O3 + (−1)dO1dO2O∗(dO1 )2
[
O1
∗(dO2 ),O3
}
, (5)
Tîæäåñòâà ÿêîáè
(−1)dO1dO3
[[
O1
∗(dO3),O2
}
,O3
∗(dO1)
}
+ (−1)dO2dO1
[[
O2
∗(dO1),O3
}
,O1
∗(dO2)
}
+ (−1)dO3dO2
[[
O3
∗(dO2),O1
}
,O2
∗(dO3)
}
= 0. (6)
ñîîòíîøåíèÿ (46) îáîáùàþò ñîîòâåòñòâóþùèå ñâîéñòâà ãðàäóèðîâàííîãî
êîììóòàòîðà ñóïåðàëãåáð ëè. Mû õîòåëè áû ïîä÷åðêíóòü, ÷òî â
÷àñòíîì ëó÷àå, êîãäà èíâîëþöèÿ ∗ (2) äåéñòâóåò êàê òîæäåñòâåííîå
ïðåîáðàçîâàíèå, ñêîáêà (3) âîñïðîèçâîäèò ãðàäóèðîâàííûé êîììóòàòîð
ñóïåðàëãåáð ëè. â ñëó÷àå æå íåòðèâèàëüíîãî äåéñòâèÿ èíâîëþöèè ýòà
ñêîáêà ÿâëÿåòñÿ íåòðèâèàëüíûì îáîáùåíèåì ïîñëåäíåãî.
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2.2 ïðåäñòàâëåíèå ëàêñà è ïîòîêè
Mû íà÷íåì ýòîò ðàçäåë ñ äåòàëèçàöèè ïðîñòðàíñòâà îïåðàòîðîâ, èõ
ãðàäóèðîâêè è èíâîëþöèè, èìåþùèõ îòíîøåíèå ê ðàññìàòðèâàåìîé
çäåñü N = (1|1) 2DTL èåðàðõèè.
Ýòè îïåðàòîðû ìîãóò áûòü ïðåäñòàâëåíû â ñëåäóþùåì îáùåì âèäå:
Om =
∞∑
k=−∞
f
(m)
k,j e
(k−m)∂ , m ∈ Z, (7)
ãäå ïàðàìåòðèçóþùèå èõ óíêöèè f
(m)
2k,j (f
(m)
2k+1,j) ÿâëÿþòñÿ Z2ãðàäóè-
ðîâàííûìè
d
′
f
(m)
k,j
= |k| ïî ìîäóëþ 2 (8)
áîçîííûìè (åðìèîííûìè) ðåøåòî÷íûìè ïîëÿìè (j ∈ Z), à îïåðàòîð
el∂ (l ∈ Z) äåéñòâóåò íà ýòè ïîëÿ êàê äèñêðåòíûé ðåøåòî÷íûé ñäâèã
el∂f
(m)
k,j ≡ f (m)k,j+lel∂ (9)
è îáëàäàåò äðóãîé Z2ãðàäóèðîâêîé
del∂ = |l| ïî ìîäóëþ 2. (10)
Oïåðàòîðû (7) äîïóñêàþò çàäàíèå òîëüêî îäíîé äèàãîíàëüíîé Z2
ãðàäóèðîâêè
dOm = d
′
f
(m)
k,j
+ de(k−m)∂ = |m| ïî ìîäóëþ 2 (11)
è èíâîëþöèè
O
∗
m =
∞∑
k=−∞
(−1)kf (m)k,j e(k−m)∂ . (12)
â äàëüíåéøåì íàì òàêæå ïîíàäîáÿòñÿ ïðîåêöèè (Om)± îïåðàòîðîâ Om
(7), îïðåäåëÿåìûå êàê
(Om)+ =
∞∑
k=m
f
(m)
k,j e
(k−m)∂ , (Om)− =
m−1∑
k=−∞
f
(m)
k,j e
(k−m)∂ . (13)
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Oïåðàòîðû ëàêñà L± N = (1|1) 2DTL èåðàðõèè ïðèíàäëåæàò
ïðîñòðàíñòâó îïåðàòîðîâ (7) [3, 7℄
L+ =
∞∑
k=0
uk,je
(1−k)∂ , u0,j = 1, L
− =
∞∑
k=0
vk,je
(k−1)∂ , v0,j 6= 0 (14)
è èìåþò ãðàäóèðîâêó dL± = 1.
Tåïåðü ìû ðàñïîëàãàåì âñåìè íåîáõîäèìûìè äàííûìè äëÿ òîãî,
÷òîáû âûðàçèòü ïðåäñòàâëåíèå ëàêñà N = (1|1) 2DTL èåðàðõèè â
òåðìèíàõ ñêîáî÷íîé îïåðàöèè (3) è òåì ñàìûì ïðèäàòü åìó î÷åíü
ïðîñòîé âèä:
D±nL
α = ∓α(−1)n
[
(((L±)n∗ )−α)
∗, Lα
}
, α = +,−, n ∈ N, (15)
ãäå D±2n (D
±
2n+1)  áîçîííûå (åðìèîííûå) ýâîëþöèîííûå ïðîèçâîäíûå.
Dëÿ âõîäÿùèõ â ýòî ïðåäñòàâëåíèå êîìïîçèòíûõ îïåðàòîðîâ (L±)n∗
òàêæå ìîãóò áûòü ïîëó÷åíû âåñüìà ïðîñòûå âûðàæåíèÿ â òåðìèíàõ
îïåðàòîðîâ ëàêñà è ñêîáî÷íîé îïåðàöèè (3)
(Lα)2n∗ :=
( 1
2
[
(Lα)∗, (Lα)
} )n
, (Lα)2m+1∗ := L
α (Lα)2n∗ . (16)
Kàê è îïåðàòîðû ëàêñà L±, îïåðàòîðû (L±)n∗ ïðèíàäëåæàò ïðîñòðàíñòâó
îïåðàòîðîâ (7) è ìîãóò áûòü ïðåäñòàâëåíû â ñëåäóþùåì âèäå:
(L+)m∗ :=
∞∑
k=0
u
(m)
k,j e
(m−k)∂ , u
(m)
0,j = 1, (L
−)m∗ :=
∞∑
k=0
v
(m)
k,j e
(k−m)∂ ,(17)
ãäå u
(m)
k,j è v
(m)
k,j (u
(1)
k,j ≡ uk,j, v(1)k,j ≡ vk,j)  óíêöèîíàëû èñõîäíûõ
ïîëåé {uk,j, vk,j}. çäåñü âàæíî îòìåòèòü, ÷òî â ïðåäñòàâëåíèè ëàêñà
(15) Z2ãðàäóèðîâêà îïåðàòîðîâ (L
±)n∗  d(L±)2n∗ = 0 è d(L±)2n+1∗ = 1
 ñîãëàñîâàíà ñ äðóãîé Z2ãðàäóèðîâêîé d
′
D±2n
= 0 è d
′
D±2n+1
= 1,
ñîîòâåòñòâóþùåé ñòàòèñòèêå ýâîëþöèîííûõ ïðîèçâîäíûõ D±n .
èñïîëüçóÿ ñêîáî÷íûå ñâîéñòâà (46) è ñîîòíîøåíèÿ (16) êàê
îïðåäåëåíèÿ äëÿ (L±)n∗ , íåòðóäíî ïîëó÷èòü ïîëåçíûå òîæäåñòâà[
(Lα)2n∗ , (L
α)2m∗
}
= 0,[
((Lα)2n∗ )
∗, (Lα)2m+1∗
}
= 0,
[
(Lα)2n+1∗ , (L
α)2m∗
}
= 0,[
((Lα)2n+1∗ )
∗, (Lα)2m+1∗
}
= 2(Lα)2(n+m+1)∗ . (18)
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Tåïåðü, ïðèìåíÿÿ (46) è (1516), ìîæíî âûâåñòè óðàâíåíèÿ äâèæåíèÿ
äëÿ êîìïîçèòíûõ îïåðàòîðîâ (L±)n∗
D±n (L
α)m∗ = ∓α(−1)nm
[
(((L±)n∗ )−α)
∗(m), (Lα)m∗
}
, (19)
à òàêæå ýâîëþöèîííûå óðàâíåíèÿ äëÿ óíêöèîíàëîâ {u(m)k,j , v(m)k,j } (17),
âûòåêàþùèå èç íàéäåííûõ óðàâíåíèé (19):
D+n u
(2m)
k,j =
n∑
p=0
(u
(n)
p,ju
(2m)
k−p+n,j−p+n
− (−1)(p+n)(k−p+n)u(n)p,j−k+p−n+2mu(2m)k−p+n,j),
D+2nu
(2m+1)
k,j =
2n∑
p=0
((−1)pu(2n)p,j u(2m+1)k−p+2n,j−p+2n
− (−1)p(k−p)u(2n)p,j−k+p−2n+2m+1u(2m+1)k−p+2n,j),
D+2n+1u
(2m+1)
k,j =
k∑
p=1
((−1)p+1u(2n+1)p+2n+1,ju(2m+1)k−p,j−p
+ (−1)p(k−p)u(2n+1)p+2n+1,j−k+p+2m+1u(2m+1)k−p,j ), (20)
D−n u
(m)
k,j =
n−1∑
p=0
((−1)(p+n)mv(n)p,j u(m)k+p−n,j+p−n
− (−1)(p+n)(k+p−n)v(n)p,j−k−p+n+mu(m)k+p−n,j), (21)
D+n v
(m)
k,j =
n∑
p=0
((−1)(p+n)mu(n)p,j v(m)k+p−n,j−p+n
− (−1)(p+n)(k+p−n)u(n)p,j+k+p−n−mv(m)k+p−n,j), (22)
D−n v
(2m)
k,j =
n−1∑
p=0
(v
(n)
p,j v
(2m)
k−p+n,j+p−n
− (−1)(p+n)(k−p+n)v(n)p,j+k−p+n−2mv(2m)k−p+n,j),
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D−2nv
(2m+1)
k,j =
2n−1∑
p=0
((−1)pv(2n)p,j v(2m+1)k−p+2n,j+p−2n
− (−1)p(k−p)v(2n)p,j+k−p+2n−2m−1v(2m+1)k−p+2n,j),
D−2n+1v
(2m+1)
k,j =
k∑
p=0
((−1)p+1v(2n+1)p+2n+1,jv(2m+1)k−p,j+p
+ (−1)p(k−p)v(2n+1)p+2n+1,j+k−p−2m−1v(2m+1)k−p,j ) (23)
(â ïðàâûõ ÷àñòÿõ âñå ïîëÿ {u(m)k,j , v(m)k,j } ñ k < 0 äîëæíû áûòü ïîëîæåíû
ðàâíûìè íóëþ).
ïðåäñòàâëåíèå ëàêñà (15) ãåíåðèðóåò íåàáåëåâó àëãåáðó ïîòîêîâ
N = (1|1) 2DTL èåðàðõèè
[D+n , D
−
l } = [D±n , D±2l] = 0, {D±2n+1 , D±2l+1} = 2D±2(n+l+1), (24)
êîòîðàÿ ìîæåò áûòü ðåàëèçîâàíà êàê
D±2n = ∂
±
2n, D
±
2n+1 = ∂
±
2n+1 +
∞∑
l=1
t±2l−1∂
±
2(k+l), ∂
±
n :=
∂
∂t±n
, (25)
ãäå t±2n (t
±
2n+1)  áîçîííûå (åðìèîííûå) ýâîëþöèîííûå âðåìåíà.
íåïðåðûâíûé ïðåäåë ïîòîêîâ (2023) áóäåò ïîñòðîåí â ïàðàãðàå 3.1
è ëÿæåò â îñíîâó îïðåäåëåíèÿ ïîòîêîâ áåçäèñïåðñèîííîé N = (1|1)
2DTL èåðàðõèè.
2.3 áîçîííûå ñèììåòðèè N=(1|1) 2DTL óðàâíåíèÿ
ñóïåðñèììåòðè÷íîå N = (1|1) 2DTL óðàâíåíèå
D+1 D
−
1 ln v0,j = v0,j+1 − v0,j−1 (26)
ïðèíàäëåæèò ñèñòåìå óðàâíåíèé (2023). Oíî âûòåêàåò èç óðàâíåíèÿ
(21) ïðè {n = m = k = 1}
D−1 u1,j = −v0,j − v0,j+1 (27)
è óðàâíåíèÿ (22) ïðè {n = m = 1, k = 0}
D+1 v0,j = v0,j(u1,j − u1,j−1) (28)
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ïîñëå èñêëþ÷åíèÿ ïîëÿ u1,j. Eãî áîçîííûå ñèììåòðèè D
±
2nv0,j
{D+1 , D±2n} = {D−1 , D±2n} = 0 (29)
áûëè îïèñàíû â ðàáîòàõ [5, 6, 7℄ â òåðìèíàõ ñëåäóþùåé èòåððàöèîííîé
ïðîöåäóðû:
D±2nv0,j = v0,j(u
(2n)±
2n,j − u(2n)±2n,j−1), u(2n)±0,j = 1,
±D∓1 u(2n)±k,j = v0,ju(2n)±k−1,j−1 + (−1)kv0,j−k+2n+1u(2n)±k−1,j , (30)
ãäå óíêöèè u
(n)±
k,j ñâÿçàíû ñ èñõîäíûìè óíêöèîíàëàìè {u(n)k,j , v(n)k,j }
ñëåäóþùèì îáðàçîì:
u
(n)+
k,j = u
(n)
k,j , u
(n)−
k,j =
v
(n)
k,−j−1∑n−k
m=1v0,k+m−n−j−1
(31)
(äåòàëè ñì. â [7℄).
íåïðåðûâíûé ïðåäåë N = (1|1) 2DTL óðàâíåíèÿ (26) è åãî
ñèììåòðèé D±2nv0,j (30) áóäåò ïîëó÷åí â ïàðàãðàå 3.2.
3 áåçäèñïåðñèîííàÿ N=(1|1) 2DTL èåðàðõèÿ
â ýòîì ïàðàãðàå ñòðîèòñÿ íåïðåðûâíûé (êâàçèêëàññè÷åñêèé) ïî
øàãó ðåøåòêè ïðåäåë N = (1|1) 2DTL èåðàðõèè  áåçäèñïåðñèîííàÿ
N = (1|1) 2DTL èåðàðõèÿ, è êîíñòðóèðóåòñÿ ñîîòâåòñòâóþùåå åìó
ïðåäñòàâëåíèå ëàêñà.
3.1 Kâàçèêëàññè÷åñêèé ïðåäåë
ïîòîêè (2023) N = (1|1) 2DTL èåðàðõèè, ââåäåíûå â ïðåäûäóùåì
ïàðàãðàå, íå ñîäåðæàò ÿâíóþ çàâèñèìîñòü îò ðàçìåðíûõ ïîñòîÿííûõ,
à ðåøåòêà ñ áåçðàçìåðíîé êîîðäèíàòîé j (j ∈ Z) èìååò åäèíè÷íûé øàã.
Dëÿ èçó÷åíèÿ íåïðåðûâíîãî ïðåäåëà ââåäåì ÿâíî äëèíó øàãà ðåøåòêè.
ïîñêîëüêó ýòîò ïàðàìåòð â äàëüíåéøåì áóäåò èãðàòü ðîëü ïîñòîÿííîé
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ïëàíêà, ìû áóäåì îáîçíà÷àòü åãî êàê ~. Tàêèì îáðàçîì, âìåñòî j
âîçíèêàåò êîìáèíàöèÿ
~j ≡ s, (32)
è âñå ðåøåòî÷íûå ïîëÿ íà÷èíàþò çàâèñåòü îò ïàðàìåòðà ~. Tîãäà,
íåïðåðûâíûé (êâàçèêëàññè÷åñêèé) ïðåäåë ìîæåò áûòü îïðåäåëåí êàê
~→ 0, s = lim~→0, j>>1(~j), (33)
à s âûñòóïàåò â ðîëè íåïðåðûâíîé "ðåøåòî÷íîé" êîîðäèíàòû.
Dëÿ òîãî, ÷òîáû ïîòîêè (2023) áûëè íåòðèâèàëüíûìè è ðåãóëÿðíûìè
â ïðåäåëå (33), íåîáõîäèìî äîïîëíèòåëüíî îñóùåñòâèòü íåêîòîðûå
ìàñøòàáíûå ïðåîáðàçîâàíèÿ çàâèñèìûõ è íåçàâèñèìûõ ïåðåìåííûõ,
ïðèíàäëåæàùèõ ñèñòåìå. Tàê, ìû ïîñòóëèðóåì ñëåäóþùèå ïðàâèëà
ïåðåõîäà ê íîâûì ýâîëþöèîííûì âðåìåíàì
t±2n+1 →
1√
~
t±2n+1, t
±
2n →
1
~
t±2n ⇔ D±2n+1 →
√
~D±2n+1, D
±
2n → ~D±2n(34)
è ïîëÿì èåðàðõèè
u2k,j → u2k(~j), v2k,j → v2k(~j),
u2k+1,j → 1√
~
u2k+1(~j), v2k+1,j → 1√
~
v2k+1(~j), (35)
ïîëàãàÿ èõ íåñèíãóëÿðíûìè ïðè ~ = 0.
Tåïåðü ìîæíî óñòàíîâèòü äâà íåòðèâèàëüíûå êëþ÷åâûå ñâîéñòâà
êâàçèêëàññè÷åñêîãî ïðåäåëà (3335), êîòîðûå èìåþò âàæíîå çíà÷åíèå
äëÿ äàëüíåéøåãî ðàññìîòðåíèÿ è ïðîâåðÿþòñÿ ïðÿìûìè âû÷èñëåíèÿìè.
ïåðâîå ñâîéñòâî ñîñòîèò â òîì, ÷òî íîâûå êîìïîçèòíûå ïîëÿ,
îïðåäåëåííûå ïî ñëåäóþùèì ïðàâèëàì
u
(m)
2k,j → u(m)2k (~j), v(m)2k,j → v(m)2k (~j),
u
(2m+1)
2k+1,j →
1√
~
u
(2m+1)
2k+1 (~j), v
(2m+1)
2k+1,j →
1√
~
v
(2m+1)
2k+1 (~j),
u
(2m)
2k+1,j →
√
~ u
(2m)
2k+1(~j), v
(2m)
2k+1,j →
√
~ v
(2m)
2k+1(~j), (36)
ðåãóëÿðíû â êâàçèêëàññè÷åñêîì ïðåäåëå.
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èç (3336) è î÷åâèäíûõ òîæäåñòâ
(Lα)2(m+1)∗ := (L
α)2∗(L
α)2m∗ , (L
α)(2m+1)∗ := L
α(Lα)2m∗ , (37)
ñëåäóþùèõ èç (16), ìîæíî ïîëó÷èòü, íàïðèìåð, âàæíûå ðåêóððåíòíûå
ñîîòíîøåíèÿ äëÿ ëèäèðóþùèõ ÷ëåíîâ óíêöèîíàëîâ u
(m)
k ≡ u(m)k (s)
u
(2(l+1))
2k =
k∑
n=0
u
(2)
2nu
(2l)
2(k−n), u
(2(l+1))
2k+1 =
2k+1∑
n=0
u(2)n u
(2l)
2k−n+1,
u
(2l+1)
2k =
2k∑
n=0
unu
(2l)
2k−n, u
(2l+1)
2k+1 =
k∑
n=0
u2n+1u
(2l)
2(k−n), (38)
u
(2)
2k =
k∑
n=0
u2nu2(k−n) + 2
k−1∑
n=0
(k − n− 1)u2(k−n)−1∂su2n+1,
u
(2)
2k+1 =
k∑
n=0
[
(1− 2n)u2n∂su2(k−n)+1 + 2(k − n)u2(k−n)+1∂su2n
]
, (39)
ãäå ∂s :=
∂
∂s
.
âòîðîå ñâîéñòâî ñâîäèòñÿ ê òîìó, ÷òî â êâàçèêëàññè÷åñêîì ïðåäåëå
(3336) ïîòîêè (2023) N = (1|1) 2DTL èåðàðõèè íåòðèâèàëüíû
è ðåãóëÿðíû. Tàê, ÿâíûå âûðàæåíèÿ äëÿ èõ ëèäèðóþùèõ ÷ëåíîâ
ñëåäóþùèå:
{m = 2l, k = 2r}, {m = 2l + 1, k = 2r + 1}
D−2n+1u
(m)
k =
n−1∑
p=0
[
2(p− n)v(2n+1)2p+1 ∂su(m)k+2(p−n)
+ (k −m+ 2(p− n))(∂sv(2n+1)2p+1 )u(m)k+2(p−n)
]
+ 2(−1)k
n∑
p=0
v
(2n+1)
2p u
(m)
k+2(p−n)−1,
D−2nu
(m)
k =
n−1∑
p=0
[
2(p− n)v(2n)2p ∂su(m)k+2(p−n)
+ (k −m+ 2(p− n))(∂sv(2n)2p )u(m)k+2(p−n)
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+ 2(−1)kv(2n)2p+1u(m)k+2(p−n)+1
]
,
D+2nu
(m)
k =
n∑
p=0
[
2(n− p)u(2n)2p ∂su(m)k+2(n−p)
+ (k −m+ 2(n− p))(∂su(2n)2p )u(m)k+2(n−p)
]
+ 2(−1)k
n−1∑
p=0
u
(2n)
2p+1u
(m)
k+2(n−p)−1,
D+2n+1v
(m)
k =
n∑
p=0
[
2(n− p)u(2n+1)2p+1 ∂sv(m)k+2(p−n)
− (k −m+ 2(p− n))(∂su(2n+1)2p+1 )v(m)k+2(p−n)
+ 2(−1)ku(2n+1)2p v(m)k−1+2(p−n)
]
,
D+2nv
(m)
k =
n∑
p=0
[
2(n− p)u(2n)2p ∂sv(m)k+2(p−n)
− (k −m+ 2(p− n))(∂su(2n)2p )v(m)k+2(p−n)
]
+ 2(−1)k
n−1∑
p=0
u
(2n)
2p+1v
(m)
k+1+2(p−n),
D−2nv
(m)
k =
n−1∑
p=0
[
2(p− n)v(2n)2p ∂sv(m)k+2(n−p)
− (k −m+ 2(n− p))(∂sv(2n)2p )v(m)k+2(n−p)
+ 2(−1)kv(2n)2p+1v(m)k+2(n−p)−1
]
, (40)
è
{m = 2l, k = 2r + 1}, {m = 2l + 1, k = 2r}
D−n u
(m)
k =
n−1∑
p=0
(−1)m(p+n)
[
(p− n)v(n)p ∂su(m)k+p−n
+ (k + p− n−m)(∂sv(n)p )u(m)k+p−n
]
,
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D+2nu
(m)
k =
2n∑
p=0
(−1)mp
[
(2n− p)u(2n)p ∂su(m)k−p+2n
+ (k − p+ 2n−m)(∂su(2n)p )u(m)k−p+2n
]
,
D+n v
(m)
k =
n∑
p=0
(−1)m(p+n)
[
(n− p)u(n)p ∂sv(m)k+p−n
− (k + p− n−m)(∂su(n)p )v(m)k+p−n
]
,
D−2nv
(m)
k =
2n−1∑
p=0
(−1)mp
[
(p− 2n)v(2n)p ∂sv(m)k−p+2n
− (k − p+ 2n−m)(∂sv(2n)p )v(m)k−p+2n
]
, (41)
à òàêæå
D+2n+1u
(2m)
2k = 2
n∑
p=0
[
(n− p)u(2n+1)2p+1 ∂su(2m)2(k−p+n)
+ (k − p+ n−m)(∂su(2n+1)2p+1 )u(2m)2(k−p+n)
+ u
(2n+1)
2p u
(2m)
2(k−p+n)+1
]
,
D+2n+1u
(2m+1)
2k+1 = 2
k∑
p=1
[
pu
(2n+1)
2(p+n)+1∂su
(2m+1)
2(k−p)+1
+ (m+ p− k)(∂su(2n+1)2(p+n)+1)u(2m+1)2(k−p)+1
]
+ 2
k∑
p=0
u
(2n+1)
2(p+n+1)u
(2m+1)
2(k−p) ,
D+2n+1u
(2m+1)
2k =
2k∑
p=1
(−1)p
[
pu
(2n+1)
p+2n+1∂su
(2m+1)
2k−p
+ (2(m− k) + p+ 1)(∂su(2n+1)p+2n+1)u(2m+1)2k−p
]
,
D+2n+1u
(2m)
2k+1 =
2n+1∑
p=0
[
(2n− p + 1)u(2n+1)p ∂su(2m)2(k+n+1)−p
+ (2(k + n−m+ 1)− p)(∂su(2n+1)p )u(2m)2(k+n+1)−p
]
,
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D−2n+1v
(2m)
2k = 2
n−1∑
p=0
[
(p− n)v(2n+1)2p+1 ∂sv(2m)2(k−p+n)
− (k − p+ n−m)(∂sv(2n+1)2p+1 )v(2m)2(k−p+n)
]
+ 2
n∑
p=0
v
(2n+1)
2p v
(2m)
2(k−p+n)+1,
D−2n+1v
(2m+1)
2k+1 = 2
k∑
p=0
[
−pv(2n+1)2(p+n)+1∂sv(2m+1)2(k−p)+1
+ (k − p−m)∂sv(2n+1)2(p+n)+1)v(2m+1)2(k−p)+1
+ v
(2n+1)
2(p+n+1)v
(2m+1)
2(k−p)
]
,
D−2n+1v
(2m+1)
2k =
k∑
p=0
(−1)p
[
−pv(2n+1)p+2n+1∂sv(2m+1)2k−p
− (2(m− k) + p+ 1)(∂sv(2n+1)p+2n+1)v(2m+1)2k−p
]
,
D−2n+1v
(2m)
2k+1 =
2n∑
p=0
[
−(2n− p+ 1)v(2n+1)p ∂sv(2m)2(k+n+1)−p
− (2(k + n−m+ 1)− p)(∂sv(2n+1)p )v(2m)2(k+n+1)−p
]
, (42)
ãäå â ïðàâûõ ÷àñòÿõ âñå ïîëÿ {u(m)k , v(m)k } ñ k < 0 äîëæíû áûòü
ïîëîæåíû ðàâíûìè íóëþ. ïîëó÷åííûå òàêèì ñïîñîáîì ïîòîêè (40
42) ìû íàçûâàåì áåçäèñïåðñèîííîé N = (1|1) 2DTL èåðàðõèåé.
ïðåäñòàâëåíèå ëàêñà äëÿ íèõ áóäåò ïîñòðîåíî â ïàðàãðàå 3.3.
3.2 áåçäèñïåðñèîííîå N=(1|1) 2DTL óðàâíåíèå è
åãî áîçîííûå ñèììåòðèè
áåçäèñïåðñèîííûå ïðåäåëû N = (1|1) 2DTL óðàâíåíèÿ (26) è
åãî áîçîííûõ ñèììåòðèé (30) ìîãóò áûòü ïîëó÷åíû áåç òðóäà, åñëè
èñïîëüçîâàòü ñîîòíîøåíèÿ (3136). ïîëó÷àåì, ñîòâåòñòâåííî:
D+1 D
−
1 ln v0 = 2∂sv0 (43)
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èD±2nv0 = v0∂su
(2n)±
2n , u
(2n)±
0,j = 1,
∓D∓1 u(2n)±2k+1 = v0∂su(2n)±2k + 2(n− k)(∂sv0)u(2n)±2k ,
±D∓1 u(2n)±2k = 2v0u(2n)±2k−1 . (44)
èñêëþ÷àÿ u
(2n)±
2k+1 èç ñèñòåìû óðàâíåíèé (44), îêîí÷àòåëüíî ïîëó÷àåì
ñëåäóþùóþ ðåêóððåíòíóþ ñèñòåìó óðàâíåíèé äëÿ ãåíåðàöèè áîçîííûõ
ñèììåòðèé áåçäèñïåðñèîííîãî N = (1|1) 2DTL óðàâíåíèÿ (43)
D±2nv0 = v0∂su
(2n)±
2n , u
(2n)±
0,j = 1,
−D∓1 u(2n)±2k = 2v0(D∓1 )−1
[
v0∂su
(2n)±
2(k−1) + 2(n− k + 1)(∂sv0)u(2n)±2(k−1)
]
.(45)
Oòìåòèì, ÷òî ñèììåòðèè áîçîííîãî áåçäèñïåðñèîííîãî 2DTL óðàâíåíèÿ
áûëè íàéäåíû â ðàáîòå [32℄ (ñì. òàêæå ðàáîòó [26℄) ïóòåì ðåøåíèÿ
ñîîòâåòñòâóþùåãî, äîñòàòî÷íî ñëîæíîãî óðàâíåíèÿ ñèììåòðèè.
3.3 ïðåäñòàâëåíèå ëàêñà
â ïàðàãðàå 3.1 áûëè ïîñòðîåíû ïîòîêè (4042) áåçäèñïåðñèîííîé
N = (1|1) 2DTL èåðàðõèè. íàøåé çàäà÷åé ñåé÷àñ áóäåò íàõîæäåíèå
ñîîòâåòñòâóþùåãî èì ïðåäñòàâëåíèÿ ëàêñà. ïîñêîëüêó ïðåäñòàâëåíèå
ëàêñà (15) N = (1|1) 2DTL èåðàðõèè âûðàæàåòñÿ â òåðìèíàõ
îáîáùåííîé ãðàäóèðîâàííîé ñêîáêè (3), èç ïðåäûäóùåãî îïûòà åñòåñòâåííî
îæèäàòü, ÷òî äëÿ ïîëó÷åíèÿ åãî êâàçèêëàññè÷åñêîãî ïðåäåëà, ñîîòâåòñòâóþùåãî
áåçäèñïåðñèîííîé N = (1|1) 2DTL èåðàðõèè, äîñòàòî÷íî çàìåíèòü â
íåì ýòó ñêîáêó íà îïðåäåëåííóþ ñóïåðñêîáêó ïóàññîíà, à îïåðàòîðû -
íà èõ ñèìâîëû, çàäàííûå íà ñîîòâåòñòâóþùåì àçîâîì ïðîñòðàíñòâå.
íàøåé áëèæàéøåé çàäà÷åé áóäåò ìîäåëèðîâàíèå àçîâîãî ïðîñòðàíñòâà
è ñóïåðñêîáêè ïóàññîíà, èñõîäÿ èç íåêîòîðûõ ñâîéñòâ, êîòîðûìè
îíè äîëæíû áûòü íàäåëåíû. Tàê, âñïîìèíàÿ, ÷òî îïåðàòîðû ëàêñà
N = (1|1) 2DTL èåðàðõèè, áóäó÷è çàäàíûìè íà ïðîñòðàíñòâå
îïåðàòîðîâ, ãðàäóèðîâàííîì äâóìÿ ðàçíûìè Z2ãðàäóèðîâêàìè (8)
è (10), îáëàäàþò òîëüêî îäíîé äèàãîíàëüíîé Z2ãðàäóèðîâêîé (11),
ìîæíî ïîëàãàòü, ÷òî àçîâîå ïðîñòðàíñòâî óíàñëåäóåò ýòè ñâîéñòâà.
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ïðèíèìàÿ âî âíèìàíèå Z2ãðàäóèðîâêó de∂ = 1, de2∂ = 0 (10)
îïåðàòîðà ðåøåòî÷íîãî ñäâèãà el∂, ìû ïðåäïîëàãàåì, ÷òî íà àçîâîì
ïðîñòðàíñòâå åìó ñîîòâåòñòâóþò äâå êîîðäèíàòû, à èìåííî, ãðàññìàíîâà
êîîðäèíàòà pi (pi2 = 0) è áîçîííàÿ êîîðäèíàòà p, ñî ñëåäóþùèìè
ïðàâèëàìè ñîîòâåòñòâèÿ:
e∂ → 1√
~
pi, e2∂ → p. (46)
íåñìîòðÿ íà ãðàññìàíîâîñòü êîîðäèíàòû pi, îíà äîëæíà îáëàäàòü
"íåòèïè÷íûì" äëÿ ãðàññìàíîâûõ êîîðäèíàò ñâîéñòâîì êîììóòèðîâàòü
íå òîëüêî ñ áîçîííûìè, íî è åðìèîííûìè ïîëÿìè èåðàðõèè, ÷òî
ñëåäóåò èç íåïðåðûâíîãî ïðåäåëà ñîîòíîøåíèÿ (9).
O÷åâèäíî, ÷òî, êðîìå êîîðäèíàò pi è p, àçîâîå ïðîñòðàíñòâî
äîëæíî òàêæå âêëþ÷àòü íåïðåðûâíóþ "ðåøåòî÷íóþ" êîîðäèíàòó s
(32). âîçíèêàþùåå â ðåçóëüòàòå àçîâîå ñóïåðïðîñòðàíñòâî {pi, p, s}
áåçäèñïåðñèîííîé N = (1|1) 2DTL èåðàðõèè ñîäåðæèò àçîâîå
ïðîñòðàíñòâî {p, s} áåçäèñïåðñèîííîé 2DTL èåðàðõèè êàê ïîäïðîñòðàíñòâî.
ïîñëå òîãî, êàê êîîðäèíàòû àçîâîãî ïðîñòðàíñòâà óñòàíîâëåíû,
ìû äîëæíû ïîñòðîèòü äëÿ íèõ ñóïåðñêîáêè ïóàññîíà. âñïîìèíàÿ,
÷òî ñóïåðñêîáêè ïóàññîíà äîëæíû íàõîäèòüñÿ â ñîîòâåòñòâèè ñ
óïåðàëãåáðîé Z2ãðàäóèðîâàííûõ îïåðàòîðîâ {
√
~e∂ , e2∂ , ~j}, êîòîðûì
îòâå÷àþò êîîðäèíàòû àçîâîãî ñóïåðïðîñòðàíñòâà {pi, p, s}, ýòè
ñóïåðñêîáêè ìîãóò áûòü ñðàâíèòåëüíî ëåãêî ñêîíñòðóèðîâàíû. ïðèâåäåì
çäåñü ñóïåðñêîáêè ïóàññîíà ìåæäó äâóìÿ ïðîèçâîëüíûìè óíêöèÿìè
F1,2 ≡ F1,2(pi, p, s) íà àçîâîì ïðîñòðàíñòâå, ïîëó÷åííûå ñïîñîáîì,
èçëîæåííûì âûøå:{
F1,F2
}
= 2p
(∂F1
∂p
∂F2
∂s
− ∂F1
∂s
∂F2
∂p
+
∂F1
∂pi
∂F2
∂pi
)
+ pi
(∂F1
∂pi
∂F2
∂s
− ∂F1
∂s
∂F2
∂pi
). (47)
çäåñü óìåñòíî îòìåòèòü, ÷òî ïîñëå ïåðåõîäà ê íîâîìó áàçèñó
{s˜, p˜, pi} àçîâîãî ïðîñòðàíñòâà, çàäàâàåìîìó îðìóëàìè
s˜ :=
s
2
, p˜ := ln p, pi :=
pi√
2p
,
s := 2s˜, p := ep˜, pi :=
√
2pie
p˜
2 , (48)
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ñóïåðñêîáêè ïóàññîíà (47) ïðèíèìàþò âèä
{
F1,F2
}
=
∂F1
∂p˜
∂F2
∂s˜
− ∂F1
∂s˜
∂F2
∂p˜
+
∂F1
∂pi
∂F2
∂pi
, (49)
÷òî ñîîòâåòñòâóåò êàíîíè÷åñêîé îðòîñèìïëåêòè÷åñêîé ñòðóêòóðå àçîâîãî
ñóïåðïðîñòðàíñòâà.
Tåïåðü ìû ïåðåéäåì ê ñëåäóþùåìó ýòàïó ïîëó÷åíèÿ ïðåäñòàâëåíèÿ
ëàêñà áåçäèñïåðñèîííîé N = (1|1) 2DTL èåðàðõèè è ïðèâåäåì
ýâðèñòè÷åñêèå îðìóëû îïðåäåëåíèÿ è ïîñòðîåíèÿ ñèìâîëîâ L± è
(L±)2m∗ îïåðàòîðîâ ëàêñà L± (14) è êîìïîçèòíûõ îïåðàòîðîâ (L±)n∗
(1617)
L± → 1√
~
L±,
L+ =
∞∑
k=0
(u2k+1 + u2kpi)p
−k, L− =
∞∑
k=0
(v2k−1 + v2kpi)p
k−1
(50)
è
(L±)2m∗ → (L±)2m∗ , (L±)2m+1∗ →
1√
~
(L±)2m+1∗ ,
(L+)2m∗ :=
∞∑
k=0
(u
(2m)
2k + u
(2m)
2k−1pi)p
m−k,
(L−)2m∗ :=
∞∑
k=0
(v
(2m)
2k + v
(2m)
2k+1pi)p
k−m,
(L+)2m+1∗ :=
∞∑
k=0
(u
(2m+1)
2k+1 + u
(2m+1)
2k pi)p
m−k,
(L−)2m+1∗ :=
∞∑
k=0
(v
(2m+1)
2k−1 + v
(2m+1)
2k pi)p
k−m−1, (51)
ñîîòâåòñòâåííî. ïî îïðåäåëåíèþ, âñå ïîëÿ {u(m)k , v(m)k } ñ k < 0 äîëæíû
áûòü ïîëîæåíû ðàâíûìè íóëþ. ïðè ïîëó÷åíèè ýòèõ âûðàæåíèé ìû
èñïîëüçîâàëè ïîäñòàíîâêè (36) è (46). çàìåòèì, ÷òî ýòè ñèìâîëû â
îáùåì ñëó÷àå íåêîììóòàòèâíû
(Lα)k∗(Lβ)m∗ = (−1)km((Lβ)m∗ )∗(k)((Lα)k∗)∗(m), α, β = +,−, (52)
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÷òî ñâÿçàíî ñ "íåòèïè÷íûì" ñâîéñòâîì ãðàññìàíîâîé êîîðäèíàòû pi,
îòìå÷åííûì âûøå (ñì. ïàðàãðà ïîñëå (46)).
è, íàêîíåö, çàìåíÿÿ îïåðàòîðû ëàêñà íà èõ ñèìâîëû (5051), à
îáîáùåííóþ ãðàäóèðîâàííóþ ñêîáêó (3) íà ñóïåðñêîáêó ïóàññîíà (47)
â ïðåäñòàâëåíèÿõ ëàêñà (15) è (19) äëÿ N = (1|1) 2DTL èåðàðõèè è â
îïðåäåëÿþùèõ åãî ñîîòíîøåíèÿõ (16) ïî ïðàâèëó
[
. . . , . . .
}
→ ~
{
. . . , . . .
}
, (53)
îñóùåñòâëÿÿ çàòåì ïîäñòàíîâêó (34) è ïåðåõîäÿ ê ïðåäåëó (33), ìû
ïîëó÷àåì âûðàæåíèÿ
D±nLα = ∓α(−1)n
{
(((L±)n∗ )−α)∗,Lα
}
, n ∈ N, α = +,−, (54)
D±n (Lα)m∗ = ∓α(−1)nm
{
(((L±)n∗ )−α)∗(m), (Lα)m∗
}
, n,m ∈ N, (55)
(Lα)2m∗ :=
( 1
2
{
(Lα)∗,Lα
} )m
, (Lα)2m+1∗ := Lα (Lα)2m∗ (56)
äëÿ áåçäèñïåðñèîííîé N = (1|1) 2DTL èåðàðõèè. ïðÿìûå âû÷èñëåíèÿ
ïîäòâåðæäàþò, ÷òî ïîëó÷åííûå ñîîòíîøåíèÿ (5556) ïðàâèëüíî âîñïðîèçâîäÿò
áåçäèñïåðñèîííûå ïîòîêè (3842), ò.å. ÿâëÿþòñÿ èñêîìûì ïðåäñòàâëåíèåì
ëàêñà äëÿ áåçäèñïåðñèîííîé N = (1|1) 2DTL èåðàðõèè.
4 çàêëþ÷åíèå
â äàííîé ðàáîòå ìû ïðåäëîæèëè ñêîáî÷íóþ îïåðàöèþ (3) ñî
ñâîéñòâàìè (46) íà ïðîñòðàíñòâå ãðàäóèðîâàííûõ îïåðàòîðîâ ñ
èíâîëþöèåé, îáîáùàþùóþ ãðàäóèðîâàííûé êîììóòàòîð ñóïåðàëãåáð.
çàòåì ìû ïîëó÷èëè íîâóþ îðìó ïðåäñòàâëåíèÿ ëàêñà (1516) è (19)
äëÿ äâóìåðíîé N = (1|1) ñóïåðñèììåòðè÷íîé ðåøåòî÷íîé èåðàðõèè
Tîäû â òåðìèíàõ îáîáùåííîé ãðàäóèðîâàííîé ñêîáêè. Dàëåå ìû
èñïîëüçîâàëè ýòî ïðåäñòàâëåíèå ïðè ïîñòðîåíèè êâàçèêëàññè÷åñêîãî
ïðåäåëà (3336) ýòîé èåðàðõèè  áåçäèñïåðñèîííîé N = (1|1)
èåðàðõèè Tîäû (4042), è åãî ïðåäñòàâëåíèÿ ëàêñà (5051), (5456)
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íà ãðàäóèðîâàííîì àçîâîì ñóïåðïðîñòðàíñòâå ñî ñêîáêîé ïóàññîíà
(47). è, íàêîíåö, ïîïóòíî ìû óñòàíîâèëè áîçîííûå ñèììåòðèè (45)
áåçäèñïåðñèîííîãî N = (1|1) ñóïåðñèììåòðè÷íîãî óðàâíåíèÿ Tîäû
(43).
Oäèí èç íàñ (â.ê.) âïåðâûå ïîçíàêîìèëñÿ ñ à.à. ëîãóíîâûì, åùå
áóäó÷è ñòóäåíòîì II êóðñà èçè÷åñêîãî àêóëüòåòà ìãó (1956),
è íà ïðîòÿæåíèè ïðîøåäøèõ äåñÿòèëåòèé îùóùàë ñ åãî ñòîðîíû
îãðîìíóþ ïîääåðæêó êàê â äåëàõ, ñâÿçàííûõ ñ íàóêîé, òàê è â æèçíè.
áóäüòå çäîðîâû, äîðîãîé àíàòîëèé àëåêñååâè÷!
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